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Fundamental bounds on quantum measurements with a mixed apparatus
S. Bose and V. Vedral
Centre for Quantum Computation, Clarendon Laboratory, University of Oxford, Parks Road, Oxford OX1 3PU, England
We consider the apparatus in a quantum measurement process to be in a mixed state. We
propose a simple upper bound on the probability of correctly distinguishing any number of mixed
states. We use this to derive fundamental bounds on the efficiency of a measurement in terms of
the temperature of the apparatus.
Pacs No: 03.65.Bz, 03.67.-a
The quantum measurement process was first analysed
from the fully quantum perspective by von Neumann
[1]. In the description of a typical quantum measure-
ment, the initial states of the system and the appara-
tus (both treated quantum mechanically) are taken to
be pure states. The measurement process is a transfor-
mation of the type∫
φ(x)|x〉sdx ⊗
∫
η(y)|y〉ady
→
∫ ∫
φ(x)η(y + f(x))|x〉s ⊗ |y〉adxdy (1)
where
∫
φ(x)|x〉sdx and
∫
η(y)|y〉ady are initial states
of the system and the measuring apparatus respectively.
Note that after the measurement, the state of the appara-
tus is correlated to the state of the system. This enables
us to infer the state of the system by observing the state
of the apparatus. In general, one is allowed to perform
any positive operator valued measurement (POVM) on
the apparatus state to infer the system state (not anal-
ysed by von Neumann). This becomes important in a
realistic quantum measurement, in which the apparatus
is a macroscopic system and likely to be in a mixed (gen-
erally thermal) state throughout the measurement. This
will make measurements more difficult in general than
the pure apparatus case as mixed states are generically
harder to distinguish. One could, of course, attempt to
estimate the efficiency of state inference on the basis of
specific von Neumann projections on the apparatus state.
This, however, is usually less efficient than a more gen-
eral POVM. Strangely, to the best of our knowledge, all
treatments of quantum measurement seem to neglect this
fact and assume the initial apparatus state to be pure.
In this letter, we analyse the quantum measurement pro-
cess with a mixed apparatus. Our formalism allows us to
estimate the probability of success in state determination
with a mixed apparatus. We use this to put bounds on
the probability os successful state inference in terms of
the temperature of an apparatus in a thermal state.
We start with a simple example of a two level system
being measured by a harmonic oscillator apparatus ini-
tially in a thermal state. The measurement interaction
is described by
|0〉s ⊗ |n〉a → |0〉s ⊗ |n〉a
|1〉s ⊗ |n〉a → |1〉s ⊗ |n+ 1〉a, (2)
where |0〉s, |1〉s are two orthogonal states of the two level
system that the apparatus is designed to detect and |n〉a
denotes a Fock state of the apparatus. Note that we could
have chosen any other measurement interaction, but that
would lead to similar results. In particular, this measure-
ment interaction works perfectly when the apparatus is
initially in a pure Fock state. If the apparatus starts off
in the initial thermal state ρ(β)a =
∑
∞
n=0
e−βn
Z
(|n〉〈n|)a
(here Z is the partition function
∑
∞
n=0 e
−βn and β =
h¯ω/kBT where ω is the frequency of the oscillator, T its
temperature and kB is Boltzmann’s constant), then the
measurement leads to
(|0〉〈0|)s ⊗ ρ(β)a → (|0〉〈0|)s ⊗ ρ(β)a
(|1〉〈1|)s ⊗ ρ(β)a → (|1〉〈1|)s ⊗
∞∑
n=1
e−β(n−1)
Z
(|n〉〈n|)a. (3)
The maximum probability Pc of correctly distinguishing
between any two mixed states ρ0 and ρ1 by any POVM
is given by Helstrom’s formula [2]
Pc(ρ0, ρ1) =
1
2
+
1
4
Tr|ρ0 − ρ1|. (4)
In our case ρ0 = ρ(β)a and ρ1 =
∑
∞
n=1
e−β(n−1)
Z
(|n〉〈n|)a.
We thus obtain the probability of correctly identifying
the state of the apparatus (and hence the system, which
is our main goal) to be
Pc =
1
2
+
1
4
{
1
Z
+
eβ − 1
Z
(Z − 1)}. (5)
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FIG. 1. The figure shows the variation of the probability
of correct state inference of a two level system being mea-
sured by a harmonic oscillator apparatus with log β, where
β = h¯ω/kBT and the logarithm is in base 10. Here Pc is
obtained from Helstrom’s formula.
We see from fig.1 that we obtain Pc → 1 for β → ∞
(low temperature limit) and Pc → 0.5 for β → 0 (high
temperature limit). This means that at low temperatures
we can correctly distinguish between |0〉s and |1〉s and
this is because then the initial state of the apparatus is
virtually pure. On the other hand for high temperatures,
the initial state of the apparatus is virtually maximally
mixed and does not change due to the measurement in-
teraction (i.e ρ0 = ρ1). We see that for achieving Pc
greater than 0.8, we require
ω
T
≥
kB
h¯
. (6)
This can be seen as a fundamental limit on obtaining one
bit of information reliably.
The quantum system being measured, may, however,
be a system with more than two orthogonal states. In
that case we have to have a formula for the probability
of correctly identifying any one of several mixed states
ρ0, ρ1, ..., ρN . There is no existing general formula ex-
tending the Helstrom’s formula to an arbitrary number of
density matrices. Here we propose a generalisation which
gives a bound on the probability of correct identification
of one of ρ0, ρ1, ..., ρN which appear with probabilities
p0, p1, ..., pN . This bound is
Pc(ρ0, ρ1, ..., ρN ; p0, p1, ..., pN ) = e
H−h(p0,p1,...,pN), (7)
where
H = S(
∑
i
piρi)−
∑
i
piS(ρi), (8)
is the Holevo bound [3], S(ρ) = −Trρ ln ρ and where
h(p0, p1, ..., pN ) = −
∑
i
pi ln pi, (9)
is the Shannon entropy of the probability distribution
of the density matrices. The rationale behind this for-
mula becomes clear when one considers a sequence of n
preparations of the system state and measurements on
the corresponding apparatus states. The probability of
correctly inferring a certain sequence of n states {ρi} is
bounded above by the ratio of the number of correctly
identified sequences and the total number of possible se-
quences. From the statistical interpretation of the quan-
tum relative entropy [4], we get the numerator of this
ratio to be enH and the denominator is enh(p0,p1,...,pN)
(this is equivalent to the law of large numbers). We, in
fact, use the formula for n = 1 and hence the Eq.(7) for
Pc.
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FIG. 2. The figure shows the variation of the upper bound
on the probability of correct state inference of a N + 1 level
system being measured by a harmonic oscillator apparatus
with log β, where β = h¯ω/kBT and the logarithm is in base
10. For plot(a) N = 1, for plot(b) N = 3, for plot(c) N = 7.
Here Pc is obtained from our formula Eq.(7).
We again take a harmonic oscillator apparatus, but
now a N + 1 level system with orthogonal states
|0〉s, |1〉s, ..., |N〉s which interacts with the apparatus as
|i〉s ⊗ |n〉a → |i〉s ⊗ |n+ i〉a. (10)
The initial state of the apparatus is again a thermal state.
Corresponding to each system state |i〉s, the apparatus
will evolve to a different state ρia. These are given by
ρia =
∞∑
n=i
e−β(n−i)
Z
(|n〉〈n|)a. (11)
The entropy of all these states is the same and equal to
S(ρia) =
〈E〉
kBT
+ lnZ, (12)
2
where 〈E〉 = (h¯ω/Z)
∑
ne−βn is the average energy of
the apparatus.
The entropy of the total state ρ =
∑
i ρ
i
a is given by
S(ρ) = −
N∑
i=0
(
i∑
j=0
e−βj
Z(N + 1)
) ln (
i∑
j=0
e−βj
Z(N + 1)
)
−
∞∑
i=N+1
(
i∑
j=i−N
e−βj
Z(N + 1)
) ln (
i∑
j=i−N
e−βj
Z(N + 1)
) (13)
The entropies S(ρ) and S(ρia) are used to compute Pc
from Eq.(7). This is plotted in Fig. 2 for three different
dimensionalities of the measured system (N+1 = 2, 4, 8).
Note that all the three plots in Fig.2 have the same shape
and, as expected, tend to 1
N+1 for small β (high temper-
ature limit) and to unity for large β (low temperature
limit). Note also that in the latter case (when β > 1) the
probability bound Pc is well approximated by the simple
expression
Pc ∼
e
−
〈E〉
kBT
Z
. (14)
This is because, at low temperatures, S(ρ) ∼
h(p0, p1, ..., pN ), so that Pc ∼ e
−S(ρ0a). The above ap-
proximation (Eq.(14)) is already very good for β = 5
differing by about 2 percent from the exact value.
Our bound applies to the general setting of measuring
states of a system by correlating them to pure nonorthog-
onal apparatus states. This happens when different or-
thogonal states of the system get correlated to differ-
ent nonorthogonal states of the apparatus (for example,
when different Fock states inside a cavity are inferred
by different dispacements of a mirror in a coherent state
[5]). In quantum optics, in particular, preparation of
nonclassical states via conditional measurements on an
apparatus is very popular [6]. Our formula for Pc will
be an upper bound to the fidelity of such preparations.
We hope that this kind of analysis also stimulates more
research in the area of quantum computation with mixed
states as explored in Ref. [7].
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